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Abstract

In fuzzy set theory, an important class of triangular norms and conorms is the class of
continuous Archimedean nilpotent triangular norms and conorms. It has been shown that
for such t-norms T there exists a bijection ¢ on [0, 1] such that T is the y-transform of the
Lukasiewicz t-norm. From this class of t-norms an important class of fuzzy implicators
can be generated : the class of Lukasiewicz implicators. In this paper we introduce the
notion of intuitionistic fuzzy ¢-norm and ¢-conorm, and investigate under which conditions
a similar representation theorem can be obtained. We also establish a representation
theorem for intuitionistic fuzzy Lukasiewicz implicators.
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1 Introduction

An important notion in fuzzy set theory is that of triangular norms and conorms : t-norms
and t-conorms are used to define a generalized union and intersection of fuzzy sets, to extend
the composition of fuzzy relations e.g. for use in approximate reasoning systems, and for many
other purposes. Another important operation is the fuzzy implicator. With the interest in
intuitionistic fuzzy sets in general, and intuitionistic fuzzy relational calculus in particular (see
e.g. [5, 6,9, 10, 11]) quickly expanding, it is definitely worthwhile to extend these important
connectives to intuitionistic fuzzy set theory, and apply the same formal investigation to them
as was done in the fuzzy set case.

In fuzzy set theory continuous, Archimedean, nilpotent t-norms play a very important role
(see e.g. [17]); they occur for instance in the theory of Lukasiewicz implicators, i.e. fuzzy im-
plicators that fulfill the entire axiom set of Smets and Magrez [19]. A representation theorem
was established for continuous Archimedean nilpotent ¢-norms : a ¢-norm 7' is continuous,
Archimedean and nilpotent if and only if there exists a bijection ¢ on [0, 1] such that 7" is the



¢-transform of the Lukasiewicz t-norm Ty, i.e. T = ¢ ! o Ty o (p, @), where Ty is defined

as Tw(z,y) = max(0,z +y — 1), for all z,y € [0,1]. An analogous result holds for ¢-conorms,
and from these results a representation of fuzzy Lukasiewicz implicators is deduced. In this
paper we extend the notions of #-norm and ¢-conorm to the intuitionistic fuzzy case, and we
generalize said representation theorems to these intuitionistic fuzzy connectives.

2 Intuitionistic fuzzy sets

Intuitionistic fuzzy sets were introduced by Atanassov in 1983 and are defined as follows.

Definition 2.1 [1, 2, 3] An intuitionistic fuzzy set A in a universe U is an object

A = {(uv,pa(u),va(u)) [u e U},

where, for allu € U, pa(u) € [0,1] and va(u) € [0, 1] are called the membership degree and the
non-membership degree, respectively, of u in A, and furthermore satisfy pa(u) +va(u) < 1.

Deschrijver and Kerre [13] have shown that intuitionistic fuzzy sets can also be seen as
L-fuzzy sets in the sense of Goguen [15]. Consider the set L* and operation <« defined by :

L* = {(z1,72) | (z1,22) €[0,1]> Az + z2 < 1},

(z1,22) <p+ (Y1,92) © 71 <Y1 Ax2 >y, V(z1,72), (y1,92) € L™
Then (L*, <) is a complete lattice [13]. For each A C L* we have

sup A = (sup{z1 | z1 € [0,1] A (3z2 € [0,1 — z1])((z1,22) € A)},
inf{xg | 9 E [0, 1] A (3.’121 S [0, 1-— .’EQ])((.Tl,.TQ) S A}),

infA = (inf{z; | z1 € [0,1] A (Fz2 € [0,1 — z1])((z1,22) € A)},
sup{za | z2 € [0,1] A (3z1 € [0,1 — z2])((z1,z2) € A}).

We denote its units by 0z = (0,1) and 17+ = (1,0).

From now on, we will assume that if x € L*, then z; and zs denote respectively the first
and the second component of z, i.e. z = (z1,z2).

Using this lattice, we easily see that with every intuitionistic fuzzy set A = {(u,pa(u),
va(u)) | w € U} corresponds an L*-fuzzy set, i.e. amapping A: U — L* : u > (a(u),va(u)).
In the sequel we will use the same notation for an intuitionistic fuzzy set and its associated
L*-fuzzy set. So for the intuitionistic fuzzy set A we will also use the notation A(u) =

(na(u),va(u)).

Interpreting intuitionistic fuzzy sets as L*-fuzzy sets gives way to greater flexibility in
calculating with membership and non-membership degrees, since the pair formed by the two
degrees is an element of L*, and often allows to obtain more compact formulas. Moreover,
some operators that are defined in the fuzzy case, such as fuzzy implicators, can be easily
extended to the intuitionistic fuzzy case by using the lattice (L*, <p-).



We also define the following set for further usage : D = {z |z € L* Az1 +z2 = 1}, and
the first and second projection mapping prq and pro on L*, defined as pri(z1,z2) = z1 and
pro(x1,x2) = x9, for all (z1,z9) € L*.

3 Intuitionistic fuzzy connectives

Using the lattice (L*, <p~) the notions of triangular norm and conorm can be straightfor-
wardly extended to the intuitionistic fuzzy case.

Definition 3.1 [12, 11] An intuitionistic fuzzy triangular norm is a commutative, associa-
tive, increasing (L*)? — L* mapping T satisfying T (z,1p+) = z, for all z € L*.

Definition 3.2 An intuitionistic fuzzy triangular conorm is a commutative, associative, in-
creasing (L*)? — L* mapping S satisfying S(z,0+) = x, for all z € L*.

Let 7 be an intuitionistic fuzzy t-norm, then for any intuitionistic fuzzy negator N, the
mapping 7* defined by T*(z,y) = N(T (N (z),N(y))), for all z,y € L*, is an intuitionistic
fuzzy t-conorm. 7* is called the dual intuitionistic fuzzy ¢-conorm of 7 w.r.t. A/. Similarly, if
S is an intuitionistic fuzzy t-conorm, then for any intuitionistic fuzzy negator A, the mapping
S* defined by 8*(z,y) = N(S(N(z),N (y))), for all z,y € L* is an intuitionistic fuzzy ¢t-norm,
called the dual intuitionistic fuzzy t-norm of S w.r.t. N.

Intuitionistic fuzzy negators form an extension of fuzzy negators and are defined as follows.

Definition 3.3 An intuitionistic fuzzy negator is any decreasing L* — L* mapping N satis-
fying N(0+) = 11+ and N(1p+) = 0p+. If N(N(z)) = =, for all x € L*, then N is called an
involutive negator.

The mapping N defined by Ns(z1,z2) = (z2,11), for all (z1,z2) € L*, will be called the
standard negator.

In [12] Deschrijver, Cornelis and Kerre have established a representation theorem for
involutive intuitionistic fuzzy negators : any involutive intuitionistic fuzzy negator can be
represented using an involutive fuzzy negator, where a fuzzy negator is defined as a decreasing
[0,1] — [0, 1] mapping satisfying N(0) =1 and N(1) = 0.

Theorem 3.1 [12] Let N be an involutive intuitionistic fuzzy negator, and let the [0,1]—[0, 1]
mapping N be defined by, for a € [0,1], N(a) = priN(a,1 —a). Then for all z € L*,
N(z) = (N(1 —xz2),1 — N(x1)). Moreover, N is an involutive fuzzy negator. Conversely, if
N is an involutive fuzzy negator, then the L* — L* mapping N defined by, for all z € L*,
N(z) = (N1 —z2),1 — N(z1)) is an involutive intuitionistic fuzzy negator.

For instance, if N = Ng, where N, denotes the fuzzy standard negator defined as, for all
z € [0,1], Ns(z) =1 — z, then we obtain the intuitionistic fuzzy standard negator N.

In [12] we have also established a representation theorem for continuous increasing bijec-
tions on L*.



Theorem 3.2 [12] Let ® be a continuous increasing bijection on L*. Then there exists a
continuous increasing bijection ¢ on [0,1] such that, for all x € L*,

®(z) = (@(z1),1 — (1 — z2)). (1)

Conwversely, for any increasing bijection ¢ on [0,1], the L* — L* function ® defined by (1) is
an increasing bijection on L*.

Using the lattice (L*, <p«) it is also straightforward to extend the notions of fuzzy impli-
cator and coimplicator.

Definition 3.4 [5] An intuitionistic fuzzy implicator is an (L*)? — L* mapping T which is
decreasing in its first and increasing in its second component and which satisfies the border
conditions Z(0rx,0r+) = Z(0p+,11+) = Z(1p+,1p+) = 1z« and Z(1p+,07+) = Of~.

Definition 3.5 [12] An intuitionistic fuzzy coimplicator is an (L*)? — L* mapping I¢ which
is decreasing in its first and increasing in its second component and which satisfies the border
conditions Z¢(0r=,0r+) = Z¢(11+,0r+) = Z¢(1p+,11+) = 01+ and Z¢(0p+,11+) = 11~.

In [5] Deschrijver and Cornelis have introduced the following classes of intuitionistic fuzzy
implicators.

Definition 3.6 Let S be an intuitionistic fuzzy t-norm and N an intuitionistic fuzzy negator.
The S-implicator generated by S and N is the (L*)?—L* mapping Is n defined by Is n(z,y) =
SN (z),y), for all z,y € L*.

Definition 3.7 Let T be an intuitionistic fuzzy t-norm. The R-implicator generated by T is
the (L*)? — L* mapping I1 defined by Tr(z,y) = sup{y | v € L* A T(z,7) <r+ y}, for all
z,y € L*.

4 t-representability

Intuitionistic fuzzy t-norms and ¢-conorms can be constructed using ¢-norms and t-conorms
on [0,1] in the following way. Let T be a ¢t-norm and S a t-conorm. If 7(a,b) <1 - S5(1 —
a,1 —0), for all a,b € [0, 1], then the mapping 7 defined by T (z,y) = (T'(z1,v1),S(z2,y2)),
for all z,y € L*, is an intuitionistic fuzzy ¢-norm, and the mapping S defined by S(z,y) =
(S(z1,y1), T(z2,y2)), for all z,y € L*, is an intuitionistic fuzzy t-conorm. Note that the
condition T'(a,b) < 1—S(1—a,1—b), for all a,b € [0, 1], is necessary and sufficient for 7 (z,y)
and S(z,y) to be elements of L* for all z,y € L*. We write 7 = (T,S) and S = (S,T).

Unfortunately the converse is not always true. It is not possible to find for any intuitionistic
fuzzy t-norm 7 a t-norm 7T and a t-conorm S such that 7 = (T, S). Consider for instance the
intuitionistic fuzzy t-norm 7Ty given by

TW(xay) = (ma,x(O,wl +uy— 1)amin(17$2 +1- Y1,Y2 + 1- l‘l)),V!E,y €L

Let z = (0.5,0.3), ' = (0.3,0.3) and y = (0.2,0). Then proTw (z,y) = 0.5 # proTw (z',y)



= 0.7. Hence there exist no T and S such that 7 = (T,S), since this would imply that
proTw (z,y) is independent from z;. In the sequel we will call this intuitionistic fuzzy ¢-norm
the intuitionistic fuzzy Lukasiewicz t-norm.

To distinguish between these two kinds of intuitionistic fuzzy t-norms, we introduce the
notion of ¢-representability [7]. We say that an intuitionistic fuzzy ¢-norm 7 is ¢-representable
if there exist a t-norm 7" and a t-conorm S on [0,1] such that 7 = (7', S). An intuitionistic
fuzzy t-conorm § is t-representable if there exist a ¢-norm 7" and a ¢-conorm S on [0, 1] such
that S = (S, 7).

We have the following theorem assuring the t-representability of the dual of a given ¢-
representable intuitionistic fuzzy ¢-norm or ¢-conorm.

Theorem 4.1 [12] The dual intuitionistic fuzzy t-norm with respect to an involutive negator
N on L* of a t-representable intuitionistic fuzzy t-conorm is t-representable. The dual intu-
itionistic fuzzy t-comorm with respect to an involutive negator N on L* of a t-representable
intuitionistic fuzzy t-norm is t-representable.

5 The residuation principle

We say that an intuitionistic fuzzy t-norm 7 satisfies the residuation principle if and only if,
for all z,y,z € L*, T(z,2) <r~ y < z <r» Ir(z,y), where Z7 denotes the residual implicator
generated by T.

Similarly we say that the intuitionistic fuzzy ¢-conorm § satisfies the residuation principle
if and only if S(z,y) >1 z & y >1+ I(x, 2), where Tg(z, z) is defined as Zg(x, z) = inf{y |
v € L* NS(z,7y) >+ 2}

Definition 5.1 Let F be an arbitrary L* — L* function and a € L*, then F is called intu-
itionistic fuzzy left-continuous in a iff

(Ve > 0)(361 > 0)(Fé2 > 0)(Vz € L*)
(a1 — 61 <21 < a1 A ag <zx9 < ag+dy = d(F(z),F(a)) < e). (2)

F' is called intuitionistic fuzzy right-continuous in a iff

(Ve > 0)(36; > 0)(Fde > 0)(Vz € L")
(G,l <z <ar+0Na—080 <z9 <ag = d(F(.’E),F(G,)) < 6). (3)
Theorem 5.1 Let T be an intuitionistic fuzzy t-norm. If supT (x,z) = T(:I:,sup z), for all
2€Z 2€Z
non-empty subsets Z of L*, then T is intuitionistic fuzzy left-continuous.
Let S be an intuitionistic fuzzy t-conorm. If ing S(z,z) = S(:I;, in£ z), for all non-empty
zZE z€

subsets Z of L*, then S is intuitionistic fuzzy right-continuous.



Theorem 5.2 Let T be an intuitionistic fuzzy t-norm. Then T satisfies the residuation
principle if and only if sup T (z,2) = T(m, sup z), for any x € L* and any subset Z of L*.
2€EZ 2€EZ

Let S be an intuitionistic fuzzy t-conorm. Then S satisfies the residuation principle if and
only if inf S(z,z) = S(.’E, inf z), for any © € L* and any subset Z of L*.
2€Z ZEZ

Theorem 5.3 Let T be a t-representable intuitionistic fuzzy t-norm. Then T is intuitionistic
fuzzy left-continuous if and only if T satisfies the residuation principle.

Let S be a t-representable intuitionistic fuzzy t-conorm. Then S is intuitionistic fuzzy
right-continuous if and only if S satisfies the residuation principle.

In general from intuitionistic fuzzy left-continuity it cannot be deduced that an intuition-
istic fuzzy t-norm satisfies the residuation principle. Consider for instance the intuitionistic
fuzzy t-norm 7 defined as 7 (z,y) = (max(0,z1 + y1 — T2y2 — 1), min(1, z5 + y9)), for all
T,y € L*.

We obtain that
Ir(z,z) =sup{y |y € L" AT (z,y) <p» 2}

= (min(1> 1+z9— z27ma’x(1 + 21 — 71 + 1y max(0, zp — x2),1 + 2T ggl)),
1 +$2

max(0, zg — :(;2))

Let now z = (0.5,0.4) and y = (0.3,0.5). Then z = Zr(z,y) = (£,0.1) = (0.857142.. .,
0.1), but 7(z,z) = (0.317142...,0.5) €1+ y. Hence 7 is a continuous intuitionistic fuzzy
t-norm which does not satisfy the residuation principle.

6 A representation of intuitionistic fuzzy t-norms

An intuitionistic fuzzy t-norm 7 is called Archimedean if and only if, for all z € L*\ {07+, 17+ },
T(z,z) <p» .

An intuitionistic fuzzy t-norm 7 is called nilpotent if and only if there exist z,y € L*\{0r+}
such that 7 (z,y) = Or+. T is called intuitionistic fuzzy nilpotent if and only if there exist
z,y € L* such that z; and y; are non-zero and such that 7 (z,y) = 0p~.

Theorem 6.1 Let T be an (L*)? — L* mapping. Then the following are equivalent :

(i) T is a continuous, Archimedean, intuitionistic fuzzy nilpotent intuitionistic fuzzy t-norm
satisfying the residuation principle, Ty (D, D) C D and T((0,0),(0,0)) = 0z+;

(ii) there exists a continuous increasing bijection ¢ on [0,1] such that, for all z,y € L*,

T(‘Tay) = ((p_l maX(Oa (P(‘Tl) + (P(yl) - 1)7

1— ™ max(0,p(z1) + o(1 —12) — Lio(yr) + o(1 —22) —1));  (4)



(iii) there exists a continuous increasing bijection ® on L* such that T = ® 1o Ty o (®, ®).

Note that if 7 satisfies (ii), then Z7(z,2) = (¢ 'min(1,p(z1) + 1 — @(z1),1 — (1 —
x2) + ¢(1 — 29)),1 — ¢ }(1 — max(0, p(z1) — ¢(1 — 22)))). Moreover N(z) = Z7(z,0z+) =
(0~ (1=p(1-22)), 1=~ (1=p(21))), so N (z) = (N (1-22),1-N(21)), with N = ¢~ oN,op.
It also follows that 7(D,D) C D.

7 A representation of intuitionistic fuzzy t-conorms

An intuitionistic fuzzy t-conorm S is called Archimedean if and only if, for all z € L*\
{OL*, 1L*}, 5(.’1),.’[)) > T.

An intuitionistic fuzzy t-conorm S is called nilpotent if and only if there exist =,y €
L* \ {11~} such that S(z,y) = 1r~. S is called intuitionistic fuzzy nilpotent if and only if
there exist z,y € L* such that zo and y, are non-zero and such that S(z,y) = 1p~.

Define the (L*)? — L* mapping Sy as Sy (z,y) = (min(1,1 —z3 + 41,1 — y2 + 21),1 —
min(1,1 — zo + 1 — y3)), for all z,y € L*. Then Sy is the dual intuitionistic fuzzy t-
conorm of Ty w.r.t. the standard negator N;. The residual coimplicator Zg,, of Sw is
given by Ig (z,2z) = (max(0,z1 + 22 — 1), min(1,22 +1 — 22,71 + 1 — 21)). It holds that
I§W =N oLy o (N5, Ns).

Theorem 7.1 Let S be an (L*)? — L* mapping. Then the following are equivalent :

(i) S is a continuous, Archimedean, intuitionistic fuzzy nilpotent intuitionistic fuzzy t-
conorm satisfying the residuation principle, (D, D) C D and S((0,0),(0,0)) = 11+,

(ii) there ezxists a continuous increasing bijection ¢ on [0,1] such that, for all z,y € L*,

S(z,y) = (¢ 'min(1,0(1 —z2) + @(y1), o(1 — y2) + @(z1)),
1— ¢ "min(1, (1 — z2) + (1 — y2))); (5)

(iii) there exists a continuous increasing bijection ® on L* such that S = ®~1 o Sy o (@, ®).

For any intuitionistic fuzzy coimplicator Z¢, we call the L* — L* mapping N defined by
N(z) = Z%x,11+) the negator induced by Z¢. This is indeed an intuitionistic fuzzy negator
since Z¢ is decreasing in its first component, Z¢(0p+,17+) = 17« and Z¢(1p+,17+) = Op».

Note that if S satisfies (ii) in Theorem 7.1, then Z§(z,2) = (¢~ max(0, p(21) — (1 —
72)),1 — 711 —min(1,1 — (1 — 22) + (1 — z2),0(z1) + 1 — ¢(21)))). Moreover N (z) =
T&(5, 1) = (07 (1 — (1 — 22)), 1 — g7 (1 = ()))- S0 N(z) = (N(1 — 2), 1 — N(z1),
with N = ¢~ 1 o N, 0 .

Theorem 7.2 Let S be an intuitionistic fuzzy t-conorm and assume there exists a continuous
increasing bijection @ on [0, 1] such that (5) holds. Let N be the negator induced by ZG. Then
the dual intuitionistic fuzzy t-norm T of S w.r.t. N satisfies (4) for the same .



Let T be an intuitionistic fuzzy t-norm and assume there exists a continuous increasing
bijection ¢ on [0,1] such that (4) holds. Let N be the negator induced by I7. Then the dual
intuitionistic fuzzy t-conorm S of T w.r.t. N satisfies (5) for the same .

8 A representation of intuitionistic fuzzy implicators

The suitability of IF implicators for a variety of purposes can be assessed using the (general-
ized) criteria introduced by Smets and Magrez in [19] :

Definition 8.1 (Axioms of Smets and Magrez for an IF implicator 7)

(A.1) (Vy € L*)(Z(.,y) is decreasing)

(Vx € L*)(Z(x,.) is increasing) (monotonicity laws)
(A.2) Vx € L*)(Z(1p+,x) = x) (neutrality principle)
(A.3) (¥(z,y) € (L*)®)(Z(x,y) = Z(N(y),N(z))) (contrapositivity w.r.t. an IF negator N)
(A.4) (V(z,y,2) € (L*)*)(Z(z,Z(y,2)) = Z(y,Z(x,2))) (interchangeability principle)
(A.5) (V(z,y) € (L*)?)(z <1+ y & T(z,y) = 11+) (confinement principle)
(A.6) T is continuous (continuity)

Clearly (A.1) is already contained in the definition of intuitionistic fuzzy implicator. For
any implicator Z, the mapping N defined as N'(z) = Z(z,0r+), for all z € L*, is called the
negator induced by Z. In [11] we have proven that if an intuitionistic fuzzy implicator 7
satisfies (A.2), (A.3), (A.4), then Z is an S-implicator. In [7] we have also shown that if an
implicator Z is contrapositive w.r.t. an intuitionistic fuzzy negator A/, then necessarily N is
the negator induced by Z and N is involutive. We have also shown that if S is t-representable
and N is involutive, then Zg »+ does not satisfy (A.5). From all these considerations follows
that a t-representable implicator cannot satisfy all the Smets-Magrez axioms at once.

If an intuitionistic fuzzy implicator satisfies all the Smets-Magrez axioms at once, then we
call it an intuitionistic fuzzy Lukasiewicz implicator. Hence only a non ¢-representable intu-
itionistic fuzzy implicator can be an intuitionistic fuzzy Lukasiewicz implicator. An example
of such an implicator is the R-implicator generated by Ty, which is given by, for all z,y € L*,

Iry (x,y) = (min(1,21 + 1 — z1, 22 + 1 — 22), max(0, 22 + z1 — 1)).

Now the question arises whether we can find all the intuitionistic fuzzy Lukasiewicz im-
plicators. In [8] we have found the following result.

Theorem 8.1 Let T be an intuitionistic fuzzy implicator such that Z(D,D) C D. Then the
following are equivalent :

(i) T is an intuitionistic fuzzy Lukasiewicz implicator;



(7) there exists a continuous increasing bijection ¢ on [0,1] such that, for all z,y € L*,

Ir(z,z) = (¢ min(Le(z) +1-p(21),1 - (1 —22) + (1 - 22)),
1— ¢ (1 -~ max(0, (1) — (1 - 22))));

11 ETE ETISTS a CONLINUoUS 1ncreasing 01)ection on sSuc a =® ~o T © , .
jii) th st ti ‘ ing bijection ® on L* such that T = ® 1oZz, o(®,®

9

Conclusion

In fuzzy set theory a t-norm satisfies the residuation principle if and only if it is left-continuous.
We have shown that for intuitionistic fuzzy ¢-norms intuitionistic fuzzy left-continuity is a nec-
essary but not sufficient condition for the residuation principle to hold. We have introduced
the intuitionistic fuzzy Lukasiewicz t-norm 7y and established the necessary and sufficient
conditions for an intuitionistic fuzzy ¢-norm 7 such that there exists a bijection ® on L* such
that 7 is the ®-transform of Ty,. Similarly we have found a representation theorem for a
subclass of intuitionistic fuzzy t-conorms. In order to prove these representation theorems we
had to establish a representation for involutive negators and continuous increasing bijections.
Finally we have established a representation theorem for intuitionistic fuzzy Lukasiewicz im-
plicators.
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